1246 The Pnysies =

No[mal Modeﬂ
ptain the normal modes of transverse vibrations of

'ow jixed at 8 both ends and stretched with a tension. 4
. of length L and linear density & 8tretcheq

CO"SIdor,uxiS with a tension T and fixed at its ends x = O0and x = |
alons,‘“c ’)6 6 d escribes the motion of any part of the string lying betwee.
Equf‘“o"d; = L. In order to find the normal modes, we assume thn
. .tence of 2 “ormal mode at angular frequency  and phase constant :
oxtf‘em ° os that every particle of the string executes SHM of angular
This and phase constant ¢. Thus, for a normal mode we have

f;cquenc)’ &
Y, 1) = A(x) cos (! +¢)

. strlﬂ . .
uniform 4 upiform string

63)

These are infinite number of equations one for each particle characterized
[. The variable y(x, t) is the displace-

by its X value in the range 0 and
ment at time of a particle located at x and A(x) is the amplitude of its
motion. The amplitudes of all particles of the string will determine the

shape of configuration of the mode. Differentiating twice with respect to

x and ¢ we have
2 |
j’_yé_(;’;_’_-.‘.l - .‘.1_[%(2-& cos (wt+¢)

Py () — o2 A(x) cos wt+9)

and atz
s by definition 2 function x only, we can write the

Notice that, since A(x) i
d?A(x)

s
total derivative — 72—

derivatives in Eq- (6.6) gives

Substituting these

instead of a partial derivative.

2 40 cos (o) = 7 ) o5 (at+4)

d?A(x) @y

or D) L pr) = KA &
where k = wfv. The parameter & will be identified to be
of the wave (see Chap. 7). At the moment k just sta

v=\[1,
B
Jiaf

dlfrtffcntia] € uaticn }l I t I I . . c
< cl i

(x) rather than in time (¢). TR
in space can be written ag e general form of the harmoni®

the wave number
nds for ofv where

This is the fami

A(x) = A sin kxy. B cos kx 61

whare 4 and R are undeterminaa -
...... e
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Normal Modes of Continuous Systems: Fourler Method 147
- ceneral solution for the displacement y (x, 1) ol the siring, in &
T ade, 1s obtamed by using Eq. (6.10) in [:',(l. (6 8).

“ B:‘\‘J
1(x, 1) = (4 sin Ax+ B cos kx) cos (wt-4¢) (6.11)

qye

. ry Condivions. Equation (0.11) is a bit too general because the
adan conditions have not been used so far. Our string 15 fixed at
- ends. Suppose the string has total length L and the ends of the
,sarcatx = 0awdx = L. Since these ends are rigidiy fixed, there
»no displacement at these ends. In other words, the boundary
jjgons are

(0, 1) = ¥, t) = 0 for all values of 1

Sl
a7
-3
ot
ar
o=

reng the irst boundary condition, namely YO, Y =0 for <ll 1 in
£a. (6.11) we have
3-

B=90
Thus for a string fixed at x = 0, Eq. (6.11) reduces to
¥(x, 1) = A sin kx cos (wt+¢) (6.12)

Normal Mode Frequencies. The frequencies of the normal modes of trans-
verse vibrations of the string can be obtained by using the second boundary
condition, namely y(L, t) = O for all ¢, in Eq. (6.12) This requires

AsmkL =0

This equation is satisfied by choosing 4 = 0. But this corresponds to a

trivial s_ituation of a string perp.anently at rest. Hence the only way we
can satisfy the boundary condition at x = L is to have
sin kL = 0
or kL = nw
where n is an integer having values 1, 2, 3, .| o0, Thus
niwT
k=1 (6.13)

We have excluded the case n = 0, i-.e- k =, because this case also
corresponds to an uninteresting situation of a strino

at rest as is obvious from Eg. (6-1?)- Notice that the c,c:o
the string is fixed at x = L permits only some va)yes o

permanently
ndition that
f k, namely,

—

those given by Ea. (6.13). But k= w[v, where 5 — \,{_ and w i

the angular frequency of the normal mode._ '1'he3 fact that wonly e
Values of k [diciated by Eq. (6.13)] are permitted implies 1o on1v definige
values of « are allowed. These values are given by A

w=kv

or wn = TN @ (6.14)
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